Abstract. Nonlocality in the scattering potential leads to an integro-differential equation.
Introduction
The nucleon-nucleus interaction is known to be nonlocal in nature [1, 2, 3] . This nonlocal character arises because of the many-body effects such as the virtual excitations in the nucleus and the exchange of the nucleons within the interacting system [2, 3, 4, 5] . The explicit use of the nonlocal interaction framework, therefore, enriches the theoretical description of the scattering process. Its incorporation, however, leads to the integrodifferential form of the Schrödinger equation, which is difficult to solve. It is written as:
where µ is the reduced mass of the nucleon-nucleus system, E is the center of mass energy, (V SO L · σ) is the local spin-orbit interaction, V (r, r ) is the nonlocal interaction kernel and Ψ(r) is the scattering wave function. Any effort to solve Eq.(1) requires the explicit form of V (r, r ), which, unfortunately, is not known. However, it is expected that this form should be such that in the limit of vanishing nonlocality, the integro-differential equation reduces to the conventional homogeneous equation. Guided by this idea, a factorized form for the nonlocal kernel was proposed by Frahn and Lemmer [2, 3] , which is written as V (r, r ) = 1 π 3/2 β 3 exp − |r − r |
where β is the range parameter and U is the nonlocal interaction. The term with β represents the behaviour of nonlocality. It reduces to the Dirac δ function in the limit of vanishing nonlocality. This prescription has been used by several groups, some of the notable amongst them being the work of Perey and Buck [6] and Tian et al. [7] . The important aspect of the former study [6] is the construction of the energy dependent local equivalent potential which can be used in the homogeneous Schrödinger equation. This result is obtained by using the gradient approximation, which is found to be reliable for tightly bound nuclei. However, for nuclei away from the stability line its validity might be a suspect. In the other study, Tian et al. [7] have treated nonlocality by solving Eq.(1) using Lanczos method [8, 9] . Other approaches to obtain efficient solution to Eq.(1) with a general nonlocal kernel include writing the nonlocal kernel in separable form [10, 11] , expanding nonlocal kernel in terms of Chebyshev polynomials [12] , to name a few. Recently a microscopic approach to address nonlocality has been developed by Rotureau et al. [13] wherein the nonlocal optical potential for nucleon-nucleus scattering is constructed from chiral interactions. These methods, however, might have computational limitations in analyzing the nucleon-nucleus scattering data routinely.
In this article we present a readily implementable technique to solve the integrodifferential Schrödinger equation. With a very simple approximation, this technique reduces the integro-differential equation to a homogeneous differential equation. This is achieved by using the mean value theorem (MVT) of integral calculus [14] . Application of the MVT converts the nonlocal interaction to a local form. This local potential is energy independent, but depends upon relative angular momentum (l). The important aspect of this method is that it does not depend upon any particular choice of the nonlocal form factor and computationally it is very tractable.
The paper is organized as follows: In Section 2 we present the MVT technique used to reduce the integro-differential equation to a homogeneous one and identify the requirements for its applicability. The accuracy of the solution of the homogeneous equation is established in Section 3. As our method is applicable to any choice of the nonlocal form factor, we study its applicability for different choices in Section 4. Finally, Section 5 is devoted to the comparison of the predictions of our method with the experimental observables like, total and differential cross sections. As illustrations, we have studied neutrons scattering off 12 C, 56 Fe and 100 Mo targets.
Method to solve the integro-differential equation
For the present, dropping the spin-orbit term in Eq.(1) we write partial wave expansion for the scattering wave function, Ψ, and the nonlocal potential, V (r, r ), as
respectively. The resulting Schrödinger equation for the l th partial wave is
The upper limit of the integration over nonlocal kernel, g(l; r, r ), is the matching radius (r m ) at which its contribution to the integral becomes negligible. The nonlocal kernel for l th partial wave is written as
where θ is the angle between the vectors r and r [6] . In the literature [6] , |r + r | is approximated as (r + r ) leading to g(l; r, r ) = 2rr
However, in the present work we do not use the above approximation. The integral appearing in Eq. (6) is evaluated numerically. Since Eq. (7) is used very often in the literature, effect of the approximation leading to it is examined explicitly later in Section 3.2.
The nonlocal potential, U (r)
The construction of the non-local kernel requires the nucleon-nucleus potential, U (r).
Since in the present work our aim is to propose a new treatment of nonlocality and establish its correctness, we prefer to have a well-established prescription for U (r) that is applicable to most of the nuclei. The primary choice is the conventional Wood-Saxon form commonly used in the local optical model calculations:
with f y (x) = 1 + exp
Recently Tian, Pang and Ma [7] have obtained a new set of parameters for this type of potential by fitting the nucleon scattering data on nuclei ranging from 27 Al to 208 Pb with incident energies around 10 MeV to 30 MeV. It provides an excellent agreement with large amount of cross section data and is energy independent. The numerical values of these parameters can be found in Table 2 of Ref. [7] . Henceforth, the potential obtained by this parameterization will be referred to as "TPM15".
The nonlocal kernel
We now examine the behaviour of the nonlocal kernel, g(l; r, r ), appearing in the nonhomogeneous term in Eq.(5). To illustrate, we plot g(l; r, r ) as a function of r and r for different partial waves in Fig.1 for neutron-56 Fe scattering. As it can be seen, g(l; r, r ) is a well-behaved function which is symmetric around r=r . Its strength diminishes with increasing l and so does the importance of the nonlocality. This behaviour of g(l; r, r ) prompts us to use the mean value theorem (MVT) of integral calculus [14] to solve the integro-differential equation (Eq. (5)).
The MVT technique
According to the mean value theorem of integral calculus [14] , if a function q(x) is non-negative and integrable on [a, b] and p(x) is continuous on [a, b], then there exists
The theorem holds for non-positive q(x) as well.
We examine the applicability of this theorem to the kernel in Eq.(5). The integrand in Eq. (5) is a product of g(l; r, r ) and the wave function, u(l; r ). The wave function is it can be seen that g(l; r, r ) is strongly peaked at r=r and is symmetric around it. With this observation, we can expand u(l; ξ) about r=r . The leading term u(l; r), evidently, is the most dominant in the expansion. Therefore, we choose u(l; ξ) = u(l; r), yielding
This leads to the homogenized form of the Schrödinger equation
where the effective local potential, U eff (l; r), is given by
This potential contains the most dominant effect of nonlocality. It is independent of energy, but depends on l. In Fig.2 we show U eff (l; r) in comparison with the TPM15 potential (Eq. (8)) for neutron-56 Fe system. It is observed that U eff (l; r) gets reduced in strength as well as modified in shape. This is unlike the local equivalent potential in Perey and Buck's work [6] . Calculations are done with TPM15 parameterization for n-56 Fe scattering [7] . The non-local range used in calculations is β=0.90 fm.
Accuracy of the method
The homogenized Schrödinger equation (Eq. (13)) obtained for the description of Eq. (5), of course, is very neat and useful, but it has an approximation of calculating the kernel at r=r . This needs to be tested carefully. For this purpose we need to compare the solution of the homogeneous equation with that of the original integro-differential equation (Eq. (5)). This is achieved by solving Eq.(5) using an iterative scheme. This scheme is initiated by the solution of Eq.(13) using a suitable boundary condition. The subsequent higher order solutions are obtained with the help of the following iterative scheme:
= 2µ
The iterations are continued till the absolute value of difference between the logarithmic derivatives of the wave function at the matching radius in the i th and the (i + 1) th steps is less than or equal to 10 −6 . In Figs.3-4 we show the calculated total and differential cross sections for n- results.
Dependence on the choice of U (r)
To examine further the dependence of the accuracy of our method on the choice of U (r), we perform above calculations for another potential. We construct U (r) = V (r) + iW (r) such that V (r) is obtained microscopically through folding model [15] :
where v(r 12 ) is the effective nucleon-nucleon interaction, ρ(r 2 ) is the total nucleon density of the target and r 12 is the distance between the projectile (neutron) and a nucleon in the target nucleus. To make it a reasonable representation for the present study, TPM15 parameterization (see Eqs. (8)- (9)) is used for W (r). This prescription of U (r) will be referred to as "FoldTPM15" in subsequent discussions. For the effective nucleon-nucleon interaction we have used the well known M3Y prescription [16] :
where the two Yukawa terms represent the direct contribution of the interaction. In principal, one needs to take into account the knock-on contribution as well [15] . Since the knock-on contribution in the nucleon-nucleus scattering is expected to be insignificant in the low energy range [4] , we have not included it in Eq. (17) . The density distribution of target nucleus has been calculated using the well established relativistic mean field model [17] , which is known to reproduce ground state properties of nuclei spanning the entire periodic table. Figure 5 . Behaviour of the real part of the nonlocal kernel and U eff (l; r) for neutron scattering off 56 Fe nucleus. Calculations are done with FoldTPM15 prescription. The non-local range used in calculations is β=0.90 fm.
In Fig.5(a) , we show the behaviour of the real part of the nonlocal kernel function calculated using FoldTPM15 prescription for neutron scattering off 56 Fe. It has the required structure of being well behaved and symmetric about r=r for the applicability of the MVT technique. We also show the corresponding real part of U eff (l; r) in Fig.5(b) .
Comparing the contour plot for g(l; r, r ) (see Fig.5(a) ) with the earlier plot in Fig.1  for TPM15 , we also notice that the effect of nonlocality in it probably is much less. (15) for n-12 C and n-56 Fe scatterings. The conclusion about the accuracy of our technique in this case, if anything, is better than that seen in Figs.3-4 . Thus, we conclude that the accuracy of our technique is good. This improvement in accuracy, as mentioned above, may be due to lesser effect of nonlocality in FoldTPM15. 
Impact of approximation leading to Eq.(7)
As mentioned in Section 2, the nonlocal kernel represented by Eq.(6) contains the nonlocal potential, U |r + r | 2 inside the integrand. Common practice is to approximate |r + r | by (r + r ) leading to Eq. (7). We study the impact of this approximation on the accuracy of results obtained by solving Eq.(15). In Fig.8 , we compare the total cross sections obtained by using Eq. (6) in Eq. (15) with those obtained by using Eq. (7). Results are shown for neutron scattering off 12 C and 56 Fe targets using TPM15 parameterization. We find that use of Eq. (7) in Eq. (15) is good within 1% in the considered energy range. Using Eq. (6) Using Eq. (7) (a) n- 
Impact of different choice of nonlocal form factor

Impact of the form of nonlocality
Recently Rotureau et al. have developed a method to construct nonlocal optical potential from first principle [13] . In such microscopic approach, since the nonlocality is inherent in the formalism, its form could be different from a Gaussian. Therefore, to determine the impact of different choices of nonlocal form factor, we take, in addition to the Gaussian form used so far, an exponential form: exp −| r − r |/α , which has normalization similar to that in Eq.(2). Further, we fix the value of α such that both the form factors have same rms radius. Thus, we have two form factors with same normalization and rms radius but different shapes. To see the effect of such pair of form factors we solve the full scattering equation (Eq. (15)) with these two form factors for l=0 and 1. We find that (i) the two wave functions are very close to each other in magnitude and shape inside the nucleus, and (ii) on the surface both of them have very close logarithmic derivatives, which, as we know, determine the phase shifts. This allows us to conclude that different form factors having same normalization and same rms radius should give similar results for the scattering as well as the reaction observables on a nucleus.
Impact of the range of nonlocality
Next we explore the effect of different choices of rms radius for a particular form factor. We take two values of β, i.e., 0.9 and 0.5 fm, for the Gaussian form and plot in Fig.9 wave functions for l=0 and 1 for neutron-56 Fe scattering at 10 MeV. It is evident that the wave functions change significantly with β in the nuclear interior and beyond. This amount of difference should be seen in nuclear reactions as well. Results are shown for l=0 and 1 for n-56 Fe scattering at 10 MeV. Calculations are done with TPM15 parameterization [7] . The vertical dashed line at 4.6 fm marks the radius of 56 Fe nucleus.
Comparison with experiments
Having established the accuracy of our technique, we now present comparison of the calculated observables with the data. However, now in the Schrödinger equation we also include spin-orbit term. The resulting Schrödinger equation is:
f jl u(j; l; r) = 2µ 2 rm 0 g(l; r, r )u(j; l; r )dr (18) where
For calculating V SO (r), TPM15 parameterization [7] is used. [18, 19, 20, 21] . Calculations are done with TPM15 parameterization [7] .
As a representation of light and heavy nuclei, we take 12 C, 56 Fe and 100 Mo nuclei and study neutron scattering in the low energy domain up to 10 MeV. In Fig.10 we plot the calculated total cross sections for all the three systems along with the experimental data [18, 19, 20, 21] . These results are obtained using TPM15 parameterization. Each figure has three curves: HOMO (Eq. (13) Fig.11 we show the various experimental and corresponding calculated angular distributions. We observe that for 12 C all the three curves are reasonably consistent with the data. For heavier nuclei, 56 Fe and 100 Mo, while 1-ITER and FULL results are in good accord with the data, the HOMO results fall short of it. For 12 C it may be mentioned that, as the TPM15 parameters are obtained by fitting nucleon scattering data on 27 Al to 208 Pb nuclei, probably a better agreement might be achieved if more appropriate choice of potential is made. To test this possibility, in Fig.12 we show the calculated angular distribution using FoldTPM15 prescription for n-12 C scattering. These results reproduce the data well only in the forward hemisphere in magnitude and shape. This indicates that there is room for improvisation in the mean field sector for such systems. It may however be mentioned here, as stated earlier in the paper, this improved agreement may be due to reduced nonlocality displayed in FoldTPM15.
Summary and conclusion
A novel technique to solve the integro-differential equation in scattering studies has been developed. It is achieved by applying the mean value theorem of integral calculus and using the symmetry of the kernel in the nonhomogeneous term about r=r . The Ref. [27] (c) n-100 Mo scattering Figure 11 . Calculated angular distributions using for neutron scattering off 12 C, 56 Fe and 100 Mo nuclei along with the data [22, 23, 24, 25, 26, 27] . Calculations are done with TPM15 parameterization [7] . 
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[23] Figure 12 . Calculated angular distributions for neutron scattering off 12 C nucleus along with the data [22, 23] . Calculations are done using FoldTPM15 prescription.
extent of accuracy of the method is established by comparing the solution of the homogeneous equation (Eq.(13)) thus obtained, with that of the full nonhomogeneous equation (Eq.(15) ). The later is obtained using the iterative scheme initiated by solution of the homogeneous equation. It is found that, though the solution of the homogeneous equation have some variance with full results, in the first iteration itself this difference practically disappears. The method is independent of the choice of the form of the nonlocality. Hence, it can be used to study the sensitivity to the form of the nonlocality in scattering problems. The effective local potential appearing in the resultant homogeneous equation is different in shape and magnitude in nuclear interior as compared to the local part used in the original nonlocal potential. Further, this effective potential is found to be l-dependent, but energy independent. The total and differential cross sections calculated in the low beam energy range (up to around 10 MeV) for neutron scattering off 12 C, 56 Fe and 100 Mo nuclei compare to a reasonable extent with the corresponding measured values. However, the 1-ITER results are found to be in good agreement with the data.
